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Preliminaries

Motivational Example

Consider the following second-order, linear, constant coefficient,
nonhomogeneous ODE:

y'+ay' + by =g.
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Preliminaries

From ODEs to MDEs

O Replace functions y and g with matrices Y and G.

y(x) = Yand g(x) = G
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Preliminaries

From ODEs to MDEs

O Replace functions y and g with matrices Y and G.

y(x) = Yand g(x) = G

@ Replace £ with a derivation A : Mp(R) — M,(R)

Greene, Andrew (Manhattan College) Noncommutative Variation of Parameters 4 August 2016



Preliminaries

From ODEs to MDEs

O Replace functions y and g with matrices Y and G.

y(x) = Yand g(x) = G

@ Replace £ with a derivation A : Mp(R) — M,(R)

— = A
dx -

Given a,b € R, G € M,(R), and A, solve for Y satisfying

A%(Y) +aA(Y)+bY =G.
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Preliminaries

Derivations

A derivation A : Mp(R) — M,(R) is

@ a linear transformation

A(al Y1+ a» Yg) = alA(Yl) + agA( Yz) for all Y1, Y5 € M,,(R)
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Preliminaries

Derivations

A derivation A : Mp(R) — M,(R) is

@ a linear transformation

A(al Y1+ a» Yg) = alA(Yl) + agA( Yg) for all Y1, Y5 € M,,(R)

@ satisfying the product rule

A(Yl Yz) = A(Yl)Y2 + YlA(Yg) for all Y1, Y5 € M,,(R)
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Ax(Y) =YX — XY.
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Preliminaries

Derivations

A derivation A : Mp(R) — M,(R) is

@ a linear transformation

A(al Y1+ a» Yg) = alA(Yl) + agA( Yg) for all Y1, Y5 € M,,(R)

@ satisfying the product rule

A(Yl Yz) = A(Yl)Y2 + YlA(Yg) for all Y1, Y5 € M,,(R)

Example (the only example for M,(RR))
Fix X € M,(R) and define Ax : Mp(R) — M,(R) by

Ax(Y) =YX — XY.
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Solving with linear algebra

Solving MDEs

AX(Y)+aA(Y)+bY = G
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Solving with linear algebra

Solving MDEs

A% (Y) +aA(Y)+bY =
A(YX = XY)+a(YX = XY)+bY = G

(9}
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Solving with linear algebra
Solving MDEs

A% (Y) +aA(Y)+bY =
A(YX — XY)+a(YX = XY)+bY =
(YX = XY)X — X(YX = XY)+ a(YX = XY)+bY = G

D @
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Solving with linear algebra

Solving MDEs

A% (Y) +aA(Y)+bY =
A(YX — XY)+a(YX = XY)+bY =
(YX = XY)X — X(YX = XY)+ a(YX = XY)+bY = G

D @

yi1 811
A Y12 812
Yo1 821
Y22 822

where A equals

2x1%01 + b a1 — (x1 — x2)xa —ax1p — (X1 — x2)x12 —2x221

axiz = xixaz +xiexee —alar = xe2) + (xa1 — xez)xin + 2x2xe1 — (a1 — x2)xe2 + b ~2xfy —axi2 + XXz — Xi2x2
—ax1 — xixen + XX =253 a(xin - xe2) + (a1 — xe)xa + 2x2%01 — (1 — x2)x2 H b axn +xuxa — a1
~2x12%01 —axa1 + (a1 — x22)%21 ax12 + (xa1 — x22)x12 2x12%01 + b
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Solving with linear algebra

Solution Dimension

Theorem [Persaud, 2015]

For each k € {0,1,2,4} there exists a 1st order MDE over M,(R) of the
form

Ax(Y) +aY¥Y =0

whose space of solutions S has dimension k.

Nonexistence Theorem [Garcia, G., & Persaud, 2016]

There does not exist a 1st order, constant coefficient, linear MDE over
Ms(IR) whose solution space has dimension 3.

(Kevin Garcia - Matrix Differential Equations and Gaussian Elmination,
Friday, 10:10 AM, MAA Session #13, Madison Room)
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Solving with Variation of Paramters

Variation of Parameters

Suppose Y1, Y2, ..., Y are a basis of solutions to the homogeneous MDE

A%(Y) 4+ aA(Y)+ bY =0.
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Solving with Variation of Paramters

Variation of Parameters

Suppose Y1, Yo,..., Y are a basis of solutions to the homogeneous MDE
A%(Y) 4+ aA(Y)+ bY =0.

Consider a solution to the nonhomogeneous MDE
A%(Y)+aA(Y)+bY =G

of the form
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Solving with Variation of Paramters

Variation of Parameters

Substitute
A(YiUj) = A(Y) Ui + YiA(U)).
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Solving with Variation of Paramters

Variation of Parameters

Substitute
A(YiUj) = A(Y) Ui + YiA(U)).

A%(Y;U) = D2 (Y)U; + 2A(Y)A(U;) + Y A2(U;).
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Solving with Variation of Paramters

Variation of Parameters

G = A*(Y)+aA(Y)+bY

k
= " AV Ui + 2A(Y)A(U) + YA (V)
i=1

+ aA(Y,-)U,- + aY,-A(U,-) + bY;U;
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Solving with Variation of Paramters

Variation of Parameters

G = A*(Y)+aA(Y)+bY
k
= Y AU +28(Y)AU) + Yid(Uy)
i=1
+alA(Y))U; + aY;A(U;) + bY; U;
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Solving with Variation of Paramters

Variation of Parameters

G = A*(Y)+aA(Y)+bY
k
= Y AU +28(Y)AU) + Yid(Uy)
i=1
+alA(Y))U; + aY;A(U;) + bY; U;

k
= ) 2A(Y)AU) + Yid(U;) + aYiA(U;)
i=1
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Solving with Variation of Paramters
Variation of Parameters

G = A*(Y)+aA(Y)+bY
k
= Y AU +28(Y)AU) + Yid(Uy)
i=1
+alA(Y))U; + aY;A(U;) + bY; U;

k
= Y 2A(Y)AU) + Vb (Uy) + aYiA(Uy)
i=1

k
= D 28(Y)Vi+ ViA(V) +aYiV;
i=1
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Solving with Variation of Paramters
Variation of Parameters

G = A*(Y)+aA(Y)+bY
k
= Y AU +28(Y)AU) + Yid(Uy)
i=1
+alA(Y))U; + aY;A(U;) + bY; U;

k
= Y 2A(Y)AU) + Vb (Uy) + aYiA(Uy)
i=1

k
= D 28(Y)Vi+ ViA(V) +aYiV;
i=1

= <iz:;A(Y,-)V,-> + A (ﬁ: Y,-\/,-> +a (Xk: Y,-V,->

i=1 i=1
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Solving with Variation of Paramters

Variation of Parameters

G=(D_AM)Vi|+A (D Vivi| +a( D ViV

i=1 i=1 i=1
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Solving with Variation of Paramters

Variation of Parameters

k k
G=(D_AM)Vi|+A (D Vivi| +a( > Vv
i=1 i=1 i=

o Assume Zf'(:1 Y:V; =0.
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Solving with Variation of Paramters

Variation of Parameters

k k k
G=|D_AM)Vi | +A (D> YiVi|+a(> ViV
i=1 i=1

i=1

o Assume Zf'(:1 Y:V; =0.
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Solving with Variation of Paramters

Variation of Parameters

k k k
G- <ZA(Y;)V;> +A (Z Y,-v,-> +a (Z Y,-v,->

i=1

@ Assume Zf'(:1 Y:Vi=0.
o It follows that % | A(Y;)V; = G.
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New wrinkles with nonsquare Wronskians

Wronskian

(o) ate a0y atwo)| - [-(2)
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New wrinkles with nonsquare Wronskians

Wronskian

Vi
Vo
Y1 Y> Yi_1 Y ) : _ (0)
(A(Yl) A(Y2) o A(Yi-1) A(Yi) v G
k-1
Vi

o Classicaly, the Wronskian W(Y1,..., Yx) = (A71(Y])) is a square
matrix.
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New wrinkles with nonsquare Wronskians

Wronskian

Vi
Vo
Y1 Y> Yi_1 Y ) : _ (0)
(A(Yl) A(Y2) o A(Yi-1) A(Yi) v G
k-1
Vi

o Classicaly, the Wronskian W(Y1,..., Yx) = (A71(Y])) is a square
matrix.

o W is often used to test whether the Y; are linearly independent.
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New wrinkles with nonsquare Wronskians

Wronskian

Vi
Vo
Y1 Y> Yi_1 Y ) : _ (0)
(A(Yl) A(Y2) o A(Yi-1) A(Yi) v G
k-1
Vi

o Classicaly, the Wronskian W(Y1,..., Yx) = (A71(Y])) is a square
matrix.
o W is often used to test whether the Y; are linearly independent.

@ Cramer’s rule is used to write V; as ratios of determinants.
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New wrinkles with nonsquare Wronskians

Wronskian

%1
< Y1 Y> Yi-1 Yk > \:/2 _ <0)
A(Y1) A(Y2) A(Yi-1) A(Yk) " G
k-1
Vi

@ W no longer needs to be a square matrix.

Greene, Andrew (Manhattan College) Noncommutative Variation of Parameters 4 August 2016



New wrinkles with nonsquare Wronskians

Wronskian

%1
< Y, Y Yoo Y4 > V2 :<0)
A(Y1) A(Y2) A(Yi-1) A(Yk) y G
k—1
Vi

@ W no longer needs to be a square matrix.

o Trivial null space = Yi,... Y\ linearly independent.
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New wrinkles with nonsquare Wronskians

Wronskian

%1
< Y1 Yo - Yia Yk > \:/2 :<0>
AM) A(YD) o AV A(Y)) | G
k-1
Vi

@ W no longer needs to be a square matrix.

o Trivial null space = Yi,... Y\ linearly independent.
o Full rank = the above equation is solvable for arbitrary G.
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Noncommutative Integration

“Integration”
%1
Vs
< Y1 Yo Yi_1 Y ) : :<0)
A(Y1) A(Y2) o A(Yk-1) A(Yk) ' G
V-1
Vi

o Even if when solutions Vi, ..., Vi exist, we still require U; satisfying
Vi = A(U)).
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Noncommutative Integration

“Integration”
%1
Vs
< Y1 Yo - Yia Yk > : :<0)
A(Y1) A(Y2) oo A(Yk-1) A(Yk) ' G
V-1
Vi

o Even if when solutions Vi, ..., Vi exist, we still require U; satisfying
Vi = A(U)).
@ The range of A consists only of matrices with trace-zero.

4 August 2016 14 / 15

Greene, Andrew (Manhattan College) Noncommutative Variation of Parameters



Noncommutative Integration

“Integration”

%1
Va
< Y1 Yo o Y Yk > . _ <0)
A(Yr) A(Y2) - A(Yk-1) A(Y%) : G

V-1

Vi
o Even if when solutions Vi, ..., Vi exist, we still require U; satisfying
Vi = A(U)).

@ The range of A consists only of matrices with trace-zero.
o Consequently, I, = A(U;) = U;X — XU; has no solution.

14 / 15
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Noncommutative Integration

“Integration”
%1
Vs
< Y1 Yo o Y Yk > . _ <0)
A(Yr) A(Y2) - A(Yk-1) A(Y%) : G

V-1

Vi
o Even if when solutions Vi, ..., Vi exist, we still require U; satisfying
Vi = A(U)).

@ The range of A consists only of matrices with trace-zero.
o Consequently, I, = A(U;) = U;X — XU; has no solution.

o Contrast: basic integration [ 1dx = x + C in the classical case.
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Noncommutative Integration

“Integration”
Vi
Va
Y1 Y o Yk Yk . 0
<A(Y1) A(Y2) - A(Yi-1) A(Yk)> S <G>
V-1

Vi

o Even if when solutions Vi, ..., Vi exist, we still require U; satisfying

Vi = A(U)).

@ The range of A consists only of matrices with trace-zero.

o Consequently, I, = A(U;) = U;X — XU; has no solution.

o Contrast: basic integration [ 1dx = x + C in the classical case.

@ In the matricial case, linear algebra can be used to study the range of

A and solve “integrals.” (Solve A(U;) = V; for U;).
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Noncommutative Integration

Thank you

Thank you very much for your attention.

Upcoming Talk

Matrix Differential Equations and Gaussian Elimination
Kevin Garcia

Friday, Aug 5, 2016 10:10 - 10:25 AM

MAA Session #13, Madison Room
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